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Abstract
We discuss a connection of the second Cauchy–Fantappie formula with the inversion of the Martineau–
Penrose transform and the corresponding constructions on the complex affine hyperboloid.
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Leray [Le56,Le59] discovered that a crucial property of the one-dimensional Cauchy
formula—its universality—can be preserved for several variables in frames of a very deep but
simple construction. Leray called it the Cauchy–Fantappie formula, since he used some ideas of
Fantappie on analytic functionals. This kernel for Cn lives in a fibering over Cn (with (n − 1)-
dimensional fibers) as a canonical closed holomorphic form. Different formulas for the same
domain correspond to different choices of cycles over the boundary. In one-dimensional case
fibers are trivial.
Leray investigated several versions of his formula. One of them—the second Cauchy–
Fantappie formula—looked mysterious. Such formula does not exist for one variable. In reality
it was a virtual formula since its kernel was not written as an explicit function. The reason was
a deep fact known already to Poincaré that there are no explicit formulas for residues of multi-
ple poles in the multidimensional case. In [GH90] we suggested some realizations of the second
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tineau’s analytic duality [Ma66] corresponding to the geometric projective duality. We remark
in this note that the second Cauchy–Fantappie formula in the form from [GH90] can be inter-
preted as an inversion of the Penrose version of the Martineau transform. This inversion formula
reminds the explicit inversion formulas for the Penrose transform with the operator κ [GH78].
They are also connected with some versions of the second Cauchy–Fantappie formula. We also
consider a simplest curved version of these constructions—for the complex affine hyperboloid.
The first Cauchy–Fantappie formula
Let us start from Leray’s formula of 1956. We consider 2 copies of Cn with coordinates
z = (z1, . . . , zn), ζ = (ζ1, . . . , ζn) and the bilinear form
〈ζ, z〉 = ζ1z1 + · · · + ζnzn.
We will denote through [a1, . . . , an] the determinant of the matrix with the columns a1, . . . , an
between which there could be columns of 1-forms. The determinant expands from left to right
with the exterior multiplication of 1-forms. In such a way
[dz, . . . , dz] = n!dz1 ∧ · · · ∧ dzn.
So the determinant with identical columns of 1-forms can be different from zero. Also
[ζ, dζ, . . . , dζ ] = (n − 1)!
∑
1kn
(−1)kζk dζ1 ∧ · · · ∧ dζk−1 ∧ dζk+1 ∧ · · · ∧ dζn.
If f (z) is a holomorphic function we consider the Cauchy–Fantappie form
Ω(f ) = f (z)[dz, . . . , dz] ∧ [ζ, dζ, . . . , dζ ]〈ζ, z − w〉n .
This holomorphic form of maximal degree in Cnz × CPn−1ζ is closed if z is in the holomorphy
domain of f and w is fixed. We have
∫
Γ (w)
Ω(f ) = (2πi)nf (w),
where Γ (w) is a cycle over the boundary of a domain D, containing w and lying inside of the
holomorphy domain of the function f . It is sufficient to check this formula for a simplest cycle
(for example, take the boundary of the complex ball with the center w and ζ(z) corresponding
to tangent hyperplanes). Different integral formulas correspond to different choices of cycles
Γ (w). It was the first version of the Cauchy–Fantappie formula which is the most popular. Leray
emphasized that the consequence of this formula is the possibility to decompose an arbitrary
holomorphic function f (w) on functions 〈ζ, z − w〉−n. It was an essential point of Fantappie’s
theory of analytic functionals. Later [Le59] Leray found another version of this formula in which
a holomorphic function is reconstructed through some differential operator of its boundary val-
ues, but the degree of the linear function in the denominator was less than n.
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In the same paper Leray introduced the second Cauchy–Fantappie formula. The idea was to
take the residue of the form Ω(f ) on the submanifold
〈ζ, z − w〉 = 0
in Cnz ×CPn−1ζ (the point w is fixed). For n > 1 the form Ω(f ) has the multiple polar singularity
on this submanifold. For simple polar singularities there is an explicit formula for the residue-
form but for multiple polar singularities the residue is defined only as a cohomology class without
any canonical choice of a representative in this class. For this reason Leray’s formula contains
only the cohomology class, but no construction for a specific form in this class. Let us remark
that it is natural to consider the kernels in the first Cauchy–Fantappie formula also as residue of
some form with singularities. But in this case the polar singularity is simple and the final formula
is explicit.
In the paper [GH90] we considered a projective version of the Cauchy–Fantappie formula
and this interpretation opened new possibilities for the first Cauchy–Fantappie formula. We also
suggested a simple constructive way to compute the residues of forms with multiple polar singu-
larities. The results are forms not on singular submanifolds but on some bundles on them. They
depend on a transversal vector field to the singular submanifold and different vector fields give
different but cohomological forms on the singular submanifolds. Thus we do not give a canonical
representative in the residue-class but we give explicit representatives depending on some extra
parameters. If we started from a holomorphic form, this construction gives holomorphic forms of
all variables, including the additional ones. After a projection on z-variables the form can stop to
be holomorphic (see below). Let us remind that in the residue-class of holomorphic form, there
can be no holomorphic forms for multiple poles.
In particular, we gave constructive versions of the second Cauchy–Fantappie formula. They
contain several terms and depend on a vector field. Let us consider the form
ω(f ) = ω′(f ) ∧ [ζ, dζ {n−1}],
where
ω′(f ) = n!〈ζ,u〉n
∑
1kn
1
(k − 1)!((n − k)!)2 (Du)
n−kf (z)
[
u,du{k−1}, dz{n−k}
]
and
Du = 〈u, ∂/∂z〉.
The expression a{k} means that the column a repeats k times. Here the vector-field u = u(ζ, z)
must satisfy the condition
〈ζ,u〉 = 0.
For each such a vector-field this form is one of the residue-forms of the form Ω(f ) on the
submanifold 〈ζ, z − w〉 = 0:
ResΩ(f ) = ω(f )
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cohomological forms. One possible choice is
u(ζ, z) = ζ¯ ;
then 〈ζ,u〉 = |ζ |2. We have
∫
γ (w)
ω(f ) = (2πi)nf (w).
Let us call this integral formula the second Cauchy–Fantappie formula. Here γ (w) is a cycle
which it is possible to interpret as the graph of a map
ζ → z(ζ ), ζ ∈CPn−1, 〈ζ, z(ζ )〉 = 〈ζ,w〉.
Let us emphasize that the form ω(f ) does not depend on w and is holomorphic relative to
(z, ζ, u). However it is impossible to choose the vector-field u such that the result would be
a holomorphic form on the singular manifold [GH90]: there are no holomorphic forms in this
residue-class.
Following [GH90] we reduce the computation of the residue to the one-dimensional case:
ResΩ(f )[ζ, z] = 1
(n − 1)!
∂n−1
∂λn−1
{
dλ	λnΩ(f )[ζ, z + λu]}∣∣
λ=0.
Here we use the interior product of forms: ϕ = ψ	μ if μ = ψ ∧ϕ. This form depends on a choice
of the vector field u(ζ, z) such that 〈ζ,u〉 = 0.
There is an alternative way of proving the second Cauchy–Fantappie formula. We can verify
directly that the form ω(f ) is closed and then take the cycle γ (w) corresponding to z(ζ ) ≡ w.
Then only the term without differentiations will differ from zero; we can take out the constant
f (w) and the rest is a well-known integral on CPn−1. This gives another way to prove the
second Cauchy–Fantappie formula. We already mentioned that the differential form in the second
Cauchy–Fantappie formula is independent of w: w participates only in the cycle. One could get
the impression that this dependence is pretty weak since we just need to intersect all hyperplanes
through w. In reality this dependence is very strong and we can reconstruct w through the cycle:
this cycle must pass through w and it has at this point the complex tangent plane of maximal
dimension. The independence of the second Cauchy–Fantappie form from w is important for
next applications. Also it is important that the first factor ω′(f ) has no differentials on ζ and the
second one on (z, u).
The inversion of the Martineau–Penrose transform
Let D ⊂ Cn be a linear convex domain. This means that the compliment to D is an union of
hyperplanes. We put the next restriction: the intersection of D with any hyperplane L(ζ,p)
〈ζ, z〉 = p
is connected and contractible. Let CPn be the space of hyperplanes with homogeneous coor-
dinates (ζ,p) and let D∗ be the dual domain of hyperplanes intersecting D. If (ζ,p) ∈ D∗
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z ∈ L(ζ,p). We can use z ∈ D, ζ ∈ CPn−1 as coordinates in F(D); p = 〈ζ, z〉. Thus we have
canonical projections of F(D) on D and D∗. The fibers over points of D∗ are intersections of
D with these hyperplanes (they are contractible under the restriction) and fibers over points of D
are the projective spaces CP (n−1).
Martineau’s duality [Ma62,Ma66] connects with holomorphic functions in D analytic func-
tionals on the compliment to D∗. In turn these functionals are connected with (n − 1)-
dimensional ∂¯-cohomology of D∗. As a result there is an isomorphism between holomorphic
functions in D and this cohomology in D∗. We are interested here in a direct connection between
functions and cohomology without an appeal to analytic functional: we integrate cohomology on
cycles in D∗. Then we have a version of the Penrose transform. It turns out that the second
Cauchy–Fantappie formula gives an explicit way of to invert this transform.
Let us consider the space O(D) of holomorphic functions in D and the space H(n−1)(D∗,
O(−n)) of ∂¯-cohomology in D∗ with coefficients in O(−n). We will define an isomorphism
between these 2 spaces. Let us present a cohomology class by a ∂¯-closed (0, n − 1)-form
ϕ(ζ,p, ζ¯ , p¯;dζ¯ , dp¯) which has homogeneity −n on ζ,p. We define the Martineau–Penrose
transform as
Pϕ(z) =
∫
M(z)
ϕ ∧ [ζ, dζ {n−1}], z ∈ D.
We integrate along cycles M(z)—the projections on D∗ of the fibers of the fibering F(D) → D.
They are isomorphic to CP (n−1). In other words M(Z) is the set of parameters of hyperplanes
passing through z. The integrand is a closed form of 0 homogeneity. The result is a holomorphic
function in D. The transform is well defined on cohomology since ∂¯-exact forms give zero.
Moreover, only such forms lie in the kernel of this transform on the cohomology. We omit the
proof of the injectivity. There are several known ways to prove it (see, for example, [GH78]).
The focus of our interest is the proof of the surjectivity or an inversion of the Martineau–
Penrose transform. For f ∈ O(D) we have first factor of the second Cauchy–Fantappie form
ω′(f )[ζ, z,u;dz, du]. Here (ζ, z) ∈ F(D), 〈ζ, z〉 = 0. Let F˜ (D) be the set of such triplets
(ζ, z, u), (ζ, z) ∈ F(D), 〈ζ,u〉 = 0. Let us take a section γ of the fibering F˜ (D) → D∗; such
sections exist since the fibers are contractible. We define the form
fˆ = (ω′(f )[ζ, z,u;dz, du]|γ )(0,n−1);
so we take antiholomorphic part of the restriction on the section γ which we consider as a form
on D∗. The form fˆ is ∂¯-closed. Different sections γ give cohomological forms such that f → fˆ
induced the operator on cohomology H(n−1)(D∗,O(−n)). We have
P
fˆ
= f.
It is exactly the second Cauchy–Fantappie formula and we have the isomorphism. Let us remark
that this construction has a strong connection with holomorphic representation of analytic coho-
mology [Gi93,EGW95]. In this theory we consider fiberings N → M of Stein manifolds N with
contractible fibers. We consider the complex of holomorphic forms on N with differentials only
along fibers. Corresponding cohomology are isomorphic to Dolbeault cohomology of M . In our
case M = D∗, N = F˜ (D) and ω′(f ) is a holomorphic form with differentials along fibers. Our
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the proof of the isomorphism of holomorphic cohomology and Dolbeault cohomology.
The Cauchy–Fantappie formulas for the hyperboloid
These constructions can be transferred to some curved situations. In particular, the complete
analogues exist for all symmetric Stein manifolds including all complex semisimple Lie groups.
These results will be published in future but here we consider the simplest nontrivial example
of the complex affine hyperboloid. Thus we consider in Cn the hyperboloid Z defined by the
condition
(z) = 〈z, z〉 = 1.
It is a symmetric Stein manifold with the group SO(n;C). We call the Cauchy–Fantappie form
on Z for holomorphic functions f on Z the form on Z ×Cn
ΩZ(f ) = 〈ζ, (z − w)〉〈ζ, (z − w)〉n−1
[
z, dz{n−1}
]∧ [z + w,ζ, dζ {n−2}], z ∈ Z, ζ ∈Cn \ 0.
This form was considered in problems of integral geometry on Z [Gi04,Gi05]. Using computa-
tions in these papers we can see that this form exactly plays the role of the Cauchy–Fantappie
form for the hyperboloid Z and as a result
∫
Γ (w)
ΩZ(f ) = cf (w), c = 2(2πi)
n−1
(n − 1)! ,
where a function f is holomorphic in the closure of a domain D ⊂ Z, w is a point of this domain
and the cycle Γ (w) lies over the boundary of D.
This theorem is a combination of 2 facts which both were already proved in another context
in these papers. Firstly, this holomorphic form is closed. Since the form has not the maximal
degree, the verification of the closedness includes some computations which were done in these
papers. The next fact is that if ζ in the cycle satisfy the condition 〈ζ,w〉 = 0 then the form can
be transformed to the Cauchy–Fantappie form for Cn−1 and we can use Leray’s theorem.
The second Cauchy–Fantappie formula for the hyperboloid
Of course we can now take the residue on the submanifold 〈ζ, z−w〉 = 0 and receive a version
of the second Cauchy–Fantappie formula. However, in such a general situation some important
properties of the formula in the flat case, which were crucial for the application to the Martineau–
Penrose transform, do not hold. The reason is that the second factor in ΩZ depends not only on ζ
but also on z and w. It is similar to problems with admissible submanifolds in integral geometry.
For this reason we add the condition that ζ lies in the cone Ξ :
(ζ ) = 0, ζ = 0.
We present
ΩZ = Ω1 ∧ Ω2,
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Ω1 = 〈ζ, (z − w)〉〈ζ, (z − w)〉n−1
[
z, dz{n−1}
]
, Ω2 = [z + w,ζ, dζ
{n−2}]
〈ζ, (z + w)〉 .
On Ξ the form Ω2 is independent on (z,w) since on Ξ the form
[u, ζ, dζ {n−2}]
〈ζ,u〉
is independent of u if 〈ζ,u〉 = 0, as the residue of
[ζ, dζ {n−1}]
(ζ )
on Ξ up to a constant factor. Now we can construct the second Cauchy–Fantappie form on Z for
ζ ∈ Ξ taking the residue. We have
ωZ(f ) = ω1 ∧ Ω2,
where
ω1 =
∑
1kn−1
(n − 1)(k − 1)!
(n − 2)!
(
2〈ζ, z〉(Du)n−k−1f (z)
+ (n − k − 1)〈ζ,u〉(Du)n−k−2f (z)
) [z,u, du{k−1}, dz{n−k−1}]
〈ζ,u〉n−1 .
Here u must satisfy to the conditions
(u) = 0, 〈u, z〉 = 0.
Then the differentiation on the hyperboloid along this isotropic direction is well defined since
the points z + cu lie on the hyperboloid. On the cycle γ (w) must be
〈ζ, z〉 = 〈ζ,w〉, 〈ζ,u〉 = 0,
but the form ω1 does not depend on w. Correspondingly, we have
∫
γ (w)
ω(f ) = cf (w).
Here the cycle lies over Ξ and for each ζ ∈ Ξ we take (z, u) satisfying the above conditions and
w,z lie in the holomorphy domain of f .
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Let us consider a geometrical duality in which we can apply the second Cauchy–Fantappie
formula for the hyperboloid. Let the quadric PΞ ⊂CPn−2 be the projectivization of the cone Ξ
and Ξ˜ ⊂ CPn−1 be the set of points with homogeneous coordinates (ζ,p), ζ ∈ Ξ , p ∈ C. Let
us call horospheres E(ζ,p), (ζ,p) ∈ Ξ˜ intersections of Z by hyperplanes
〈ζ, z〉 = p.
Horospheres for p = 0 are paraboloids and for p = 0 are cylinders. We call the last ones de-
generate. In Ξ˜ let us consider dual horospheres S(z), z ∈ Z: their points (ζ,p) parameterize
horospheres E(ζ,p) passing through z.
On Z we consider horospherically concave compacts—unions of horospheres and their
supplements—horospherically convex domains. Let D ⊂ Z be such a domain and D∗ ⊂ Ξ˜ be
the set of such (ζ,p) that the horosphere E(ζ,p) intersects D. Then D∗ satisfies a natural con-
cavity condition: it is the union of the dual horospheres S(z), z ∈ D. We put also the condition
that all intersections of the horospheres E(ζ,p) with D are connected and contractible. Denote
through F(D) the set of incident pairs z, (ζ,p), z ∈ D, (ζ,p ∈ D∗). We can take z ∈ D, ζ ∈ Ξ
as homogeneous coordinates on F(D): p = 〈ζ, z〉. F(D) is a Stein manifold.
Let us consider the space of cohomology H(n−2)(D∗,O(−n + 1)) and define an analogue of
the Martineau–Penrose transform. If ϕ(ζ,p, ζ¯ , p¯;dζ¯ , dp¯) is a ∂¯-closed (0, n − 2)-form on D∗
of the homogeneity −n + 1 on (ζ,p) we define the transform
Pϕ(z) =
∫
S(z)
ϕ ∧ Ω2, z ∈ D.
Let us remind that Ω2 is the holomorphic closed form on Ξ ; it is important that it is independent
of exterior variables. The function Pϕ(z) is holomorphic in D.
For the inversion of this transform we take the form ω1(f ), f ∈ O(D) as the form on the
Stein manifold F˜ (D) of the triplets (ζ, z, u), z ∈ D, ζ ∈ Ξ , u ∈ Cn, 〈ζ,u〉 = 0. The fibering
F˜ (D) → D∗ gives then a cohomology class on D∗: we restrict ω1(f ) on any section of this
fibering with contractible fibers and take the (0, n − 2)-part fˆ which will be ∂¯-closed. Thus
we again have a holomorphic realization of analytic cohomology on D∗. The form ω1(f ) had
differentials only along the fibers. The second Cauchy–Fantappie formula on Z shows that its
Martineau–Penrose transform of fˆ coincides with f and it gives the injectivity of the Martineau–
Penrose transform. It turns out that it is not injective on the hyperboloid in the difference with
the plane case, but the kernel is relatively small and can be explicitly described.
Let us give an important example of holomorphically convex domain in Z. Let us take as(z)
the form
(z) = (z1)2 − (z2)2 − · · · − (zn)2
and the domain
(y) > 0, y1 > 0, z = x + iy
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one-sheeted hyperboloid x = 0. It is biholomorphically equivalent to the future tube [Gi98] and
it is horospherically convex. The dual domain D∗ is the result of removing from Ξ˜ sets for
ζ = ξ + iη:
η = 0, ξ1(p) < 0.
This construction is the convenient base for twistors on Minkowski space in any dimension.
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